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ABSTRACT 

The  diffraction  of  a  plane  pulse  "by  a  conducting  wedge  or 
cone  is  obtained  "by  first  finding  the  solution  due  to  an  incident 
plane  wave  and  then  integrating  over  the  propagation  constant  of 
this  wave.  The  integrals  which  appear  may  all  he  evaluated.  For 
the  wedge  the  solution  agrees  with  that  previously  obtained  "by 
Keller  and  Blank.  For  the  cone,  the  solution  is  given  as  an  in- 
finite series  in  the  diffraction  region.   Outside  this  region  the 
series  solution  may  be  sumaed  to  give  the  expected  discontinuous 
solution. 
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I.    Introduction 

The  time-harmonic  protlem  of  diffraction  of  monochromatic  plane  waves 

by  conducting  wedgeB  or  cones  was   solved  "by  Macdonald  .     More  recently,   the  dif- 

o 
fraction  of  a  plane  pulae  "by  conducting  wedges  was  treated  ty  Keller  and  Blank  . 

They  used  the  method  of  conical   flow,  appealing  to  the   fact   that   the   solution 
is   "conical"   in  x,y,t   space,   and  thereby   is  independent   of   "radial"  distance   in 
a  system  of  spherical  coordinates.      In  this  method  the  botrndary  value  problem 
cam  be  reduced  to   that  of  solving  Laplace's  equation,   which  can  be  done  by  con- 
formal  mapping.     The  results  are  particularly  simple  since  they  depend   only  on 
elementary  functions.     The  same  result  was   obtained  by  Kay     using  the  method 
of  separation  of  vairiables  directly  on  the  wave  equation  by  adopting  a  set  of 
non- orthogonal  coordinates   in  which  the  characteristic  cone  is  a  coordinate 
surface. 

For  the   similar  problem  of  diffraction  of  pulses  by  cones  these  methods 
are  not   so  simply  applied.        To  obtain  the  solution  in  this  case^  the  method  of 
Fourier  synthesis,   which  applies   equally  to  the  problem   of  the  wedge  and  the 
cone,   was  used.     An  incident  plane  pulse  may  be  represented  as  a  superposition 
of  plane  monochromatic  waves   of  all  frequencies,   v;ith  appropriate  weighting  fac- 
tors.     The   solution  of  the  harmonic   diffraction  problsii  is  knovm.      Then  a  super- 
position of  harmonic   solutions,  using  the  same  weighting  factors  as  in  the    inci- 
dent pulse,   will   give  the  solution  of  the  pulse  diffraction  problem.      This  may 
te  proved  by  an  appeal  to  the   linearity  of  the   system.     The   integrals  which 
appear  may  all  be  evaluated.      Within  the  diffraction  region  the  solution  can 
be  expressed  only  as  an  Infinite  series;      however,    outside   this  region  the 
series  may  be   summed  to   find  the  expected  discontinuous  solution. 

The  inverse  procedure,   v/hereby  the   classical  harmonic  solution  for 
a  wedge  is    obtained  from  the  pulse   solution,    is   given  for   the  wedge  by  Keller 
and  Blank. 

In  Section  II   the  method  is  applied  to  a  conducting  wedge,   and  the 
Keller-Blank  solution  is   obtained.      In  Section  III  the  cone   problem  is   treated. 
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11.   The  Condnctln^  Ved^e 

This  prohlem  is  the  same  ae  that  treated  by  Keller  and  Blank.  A  plane 
pulse,  descrihed  hy  a  field  stren/^th  having  the  value  unity  behind  the  wavefront 
and  zero  abend,  la  Incident  upon  a  conducting  wed^e  of  semiangle  a.   Only  the 
case  of  normal  incidence  will  be  treated,  since  the  analyais  becomes  Tery  clutter- 
ed for  nrbltrpry  nnflea  nf  Incidence  and  this  section  Is  intended  for  illustra- 
tive pur7)0flefl.   The  boundnry  condition  that  the  wave  function  u  vanishes  upon 
the  wed^e  win  be  t.aVen:  thin  condition  corresponds  to  an  electromagnetic  pulee 
with  tV.e  electric  vector  i>arallel  to  the  f;enerator8  of  the  wed^e.   The  problem  Is 
then  TVit'ie:-vnt  Ic.illy  f onrulnted  as  follows: 
We  are  riven  the  wave  equation 


(1) 


n) 


2     ?         2 
dx    dy    c   at 


With   the  >^oundRry  conditions  on  the  wed^e 

b)  u  =  0  for  e  =  a,   2tt  -  a 
and   the  initial  conditions 

c)  u^ 


ino 


1,        ct  >  I 
0,       ct  <  X  . 


Thus  the  incident  pulse  reaches  the  origin  at  time  t  =  0.  When  t  <  0,  the  config- 
uration is  illustrated  in  Figure  1. 


Pig^are  1, 

Zeller  and  Blank  now  apply  the  conical  flow  method.  However,  in  this 
7>feper  the  relntlon  between  pulse  and  hrrmonic  solutions  is  to  be  employed.  The 
l)-;cl';ent  /mlse  u    may  be  represented  by  the  contour  integral. 
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(2)        ^nc  =  - 2;;r  o^  i«-oo  F*  •  *>°- 

To  see  the  truth  of  this,  we  observe  the-t  the  integral  has  a  pole  at  the  origin. 
If  ct  >  X,  the  ppth  of  integration  may  he   closed  in  the  lower  half  plane,  and  the 
residue  at  the  pole  is  unity.   If  ct  <  i,  the  path  may  "be   closed  in  the  upper  half 
plane,  so  that  the  pole  is  outside  the  contour  and  the  integral  vanishes. 

The  harmonic  problem  is  now  defined  by  asking  for  that  solution  of  the 
wave  equation  (la)  and  botmdary  conditions  (lb)  which  corresponds  to  the  incident 
wave  exp-ik:(ct-x).   Let  this  solution  be  denoted  by  u(x,y,k)eip-ikct.  A  solution 

of  the  pulse  problem  is  now  given  by: 

,    ^  ia+  00   ,,  ji  _.. 

f^\  /    ^\      1    /^       dk   /    ,  X  -ikct 


It  is  clear  that  (3)  is  a  solution  of  the  wave  equation  and  the  boundary  conditions. 
The  function  u(x,y,k)  is  the  sum  of  an  Incoming  plane  wave  and  outgoing  waves.  For 
negptive  values  of  t,  the  path  of  integrstlon  may  be  closed  in  the  upper  half  plane 
for  the  outgoing  wave  portion  of  u(x,y,k)j  and  the  Integral  will  vanish,  since  it  is 
assumed  th/^t  u(3c,y,k)  has  no  singularities  for  Im  k  >  0.  The  plane  wave  part  of 
u(7,y,k)  gives  rise  to  the  incident  pulse.   Consequently,  the  function  defined  by 
(!')  sctufllly  satisfies  the  conditions  of  the  problem. 

The  harmonic  solution  was  foxind  by  Macdonald  by  using  an  analogy  with  the 
electrostatic  case.   However,  that  method  does  not  prove  to  be  simple  for  the  cone 
problem.  Accordingly,  ve  shall  derive  f-tecdonald's  solution  by  a  somewhat  different 
method  which  applies  equally  well  to  the  cone.   The  clearest  method  replaces  the 
incident  wave  problem  by  the  corresponding  problem  for  a  point  source  on  the  nega- 
tive X-axis;  ve  find  the  solution  of  the  latter  problem,  and  then  let  the  eonrce 

recede  to  minus  infinity.   This  latter  problem  may  be  written  as  an  inhomogeneous 

k 
wBve  equation  problem,  es  has  been  pointed  out  by  Schwinger  and  Levine  .   Thus  we 

vleh  to  solve: 


(M 


r  3r  ^  Sr    Z  ^^2 

r  ae 


7(r,e,r')  =  -6(r-r«)6(e-iT)/r, 


where  V  =  0  for  e  =  a,  Zn-a. 

'^e  functions  3in[nTT(6-'i)/2(TT-a)]f*ra  an  orthogonal  and  complete  set  and  vanish 

-I/2 
for  e  =  a,  2tt-i.   The  normnlisation  constant  of  this  set  is  (n-a)   '  .   The  solu- 
tion may  then  be  expanded  in  terms  of  this  set  of  functions.   Let  \  =  tt/2(tt-o). 
Theri  we  assiome  the  expansion 

OD 

(5)       V  =  n  V  (r,r')8innX(©-a)sln  nX(TT-a) 
1    ^ 

00 

^~~  V  (r.rOsln  n\(B-n'^ 
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(6) 


When  the  expansion    (5)    is    Inserted   Into   eqiiation    (4)  and  use    Is   made   of 

owln^  eqiiatlon   results   for  V 

7   (r.r')  =  -  6(r-r«)/(TT-a)r. 


the   orthoronpl  ity  property,   the  following  eq^iatlon  results  for  V^: 


1  d_       d_         2        n\* 
r  dr  "^  dr       "^     ~     ^2 


n 


The  function  V  satisfies  the  homogeneous  form  of  equation  (6)  except  for  r  =  r'. 
n 

We  wish  to  find  thfit  solution  which  is  regular  at  the  origin  and  "behaves  like  an 
outgoing  wave  at  infinity.  Since  Im  k  >  0,  the  appropriate  solution  is  given  hy: 

(7)  V^  =  AJ^(kr)H^^kr«)       r  <  r« 

=  AJ^(kr«)H^^(kr)       r  >  r«. 

The  differential  equation  (6)  states  that  r  d/dr  V  (r,r')  has  the  Jump  -1/ (TT-a)  et 
r  =  r*.  When  the  solution  (7)  is  inserted  into  this,  the  constant  A  is  determined 
to  >>e  i\.  Thus  the  solution  of  (^J)  for  r  <  r»  is  given  hy: 

00  , 

(8)  V  =  i\  ^  J^^(kr)H^(kr«)Bin  n\(«-a)8in  nrr/a 

TIow  the  source  is  to  approach  minus  infinity,  which  means  r'  approaches 
infinity.  Upon  substituting  the  asymptotic  form  for  the  Ifenkel  function,  there 
results: 

(9)  V-/"X"  e*^'^'-''''^^^  J  ,(kr)e-^'^"/2siii  nX(e-o)8in  nTT/2. 

The  solution  in  the  absence  of  the  wedge  is  given  hy 

i/U   hJ  [k[r^+r'^-2rr'cos(Q-n)J^^2ll, 

and  the  asymptotic  form  of  this  for  r«  -^oo  is  l/k-/2jrrkP'     e^^^'~'"/^^e"^*^^'^°^® 
Consequently,  the  solution  of  the  Incident  plane  wave  problem  Is  given  by: 

(10)  u(x,y,k)  =  /»\  r*  J  -  (kr)e"^'^'"/^8in  nX(e-.ci)8ln  nTi/Z. 

^  n* 

This  is  the  same  as  Macdonald's  solution. 

The  harmonic  solution  (lO)  is  to  hf   inserted  into  the  integral  (3)  to  ob- 
tain the  pijlse  solution.  The  only  k  dependence  of  u(x,y,k)  Is  thro\igh  the  Bessel 
f^inctions.   Assuming  that  the  interchange  of  eummr.tlon  and  Integration  is  permissible, 
t.'.e  p)lse  solution  u(T,y,t)  is  riven  by  the  series: 

(11)  u(z,y.t)  =  i*X  ^e-^'^"^2ginnX(©-a)sin  ^  -^  /"  .^^  ^^  J  ,  (kr)e-*^°*   . 

J—  ?    2nl  J    la- 00  k  nX 
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The  Integral  appearing  here  le  to  be  evaluated.     Since  nX  is  positive,    the   Integrand 
of   (11 )  hfis  an  integrable  singularity  at  k  =  0.     Accordingly,   the  jjpth  of   intepration 
may  be  deformed  Into  the  real  axis  with  a  loop  above   the  orlg-in.      On  the  neg'ative 
real  axis  ,    the  phase   of  k  is  rr.      S^nce 

the   integral   is  eqiial  to: 

f-,^s  1        /**°°  dk   -      „     .  -ikct  1        /'°°  dk   -      ,,     xf-ikct     inXn  ikctl 

These  integrals  are  special  cases  of  the  Weber-Schsfheitlin  integral,  given  in  detail 
by  'Vatson  .  The  result  depends  upon  the  relative  value  of  r  and  ct.  When  r  <  ct,  we 
obtain 

(13)  -  2^  — ' ^^^-2~Y^n\      ^  (l-expinXn)  cor^  ^  -i(l+erpinXTT)sin  nXTi/l] 

nXLct+yc"^*  -r  J 

1                 r°^  lnXTT/2  , 

c  —    ^    ■  _        — r-    e         'sin  nXn 

"     nX[ct+y;^i"2:^J^ 
On  the   other  hand,   if  r  >  ct,    the  integral  takes   the  form: 

(lii)     -  ~-    i-  |];i-eipinXTT)co8|nXBin"  ct/rl  -  l(l+expinXTT)sin  I  nXsin"  ct/i)^ 

»  i  ~  exp(inXTT/2)Bin[nx[  |  *-sin"  ct/rj] 

=  i  V  exp(inXTT/2)8inIjiXco8"   (-ct/rfl. 
TT  nX 


oilowing  Keller  and  Blank,    the  varia'-^le  p   is   introdiiced,    defined  by: 


15)  p  =  r 


ct  +  yc  t  -r  ct  >  r, 


and  we  also  define  an  angle  P  by  the  relation 

'16)  p  =  co8"-^(-ct/r)  tt/2  <  P  <  TT  ct  <  r. 

The  solution  to  the  pulse  problem  is  now  given  by 

OD  . 

(1'')  u(x,y,t)  =  V-"  H  />     sin  ^       sin  nXrr  sin  nX(e-")/n  0  <  r  <    ct 

1  ^ 

00 
=  k/nYZ  Bin     ^     sin  nXPain  nX(e-a)/n  r  >  ct. 

1  ^ 


To  find  the  suni  of  these  series,  we  use  an  identity  derived  from  a  formxila 


of  Dwlfht    , 


(18) 


F   —     slnny  =  tan"^  ,JL£ia2_  ,     _„/2  <  tan"-"-  <  tt/2  . 
i_    n  1-xcosy  ' 


We  first  apply  this   to    the  reprpsentption   for  r  <  ct.     The  product  of  three  sines 
aiay  ht^  hrokien  into  the  sum  of  four  sines.     The   forimila    (ig)   may  be  transformed 
into   the  more  useful   form: 

(19)  H^^'i"    —     cosny  =  1/2  tan"-'Wo8y/(l-i'')jj     -tt/2  <  tan" •"<  tt/2 

which   is   obtained  hy  writing-  tt/2  +  y  for  y  in.  (18)  and  adding  the  results.     Thus 
we  obtain: 


(20)        u(x,y,t)  =   1/tt 


[-1  2P^co8\  (TT-e»a)  -1  2P  coB\(Trt-6-a) 

tan  2x  "  ^^^  2k  5 


ct  >  r. 


By  combining  the  arctangents  this  formula  may  be  reduced  to  the  formula  (16)  of  Keller 
and  Blank,  recalling  that  (20)  holds  for  nose-on  incidence  (\|r=0  in  the  notation  of 
Keller  and  Blank). 

Outside  the  diffraction  region,  we  must  use  the  second  equation  of  (17). 
This  Implies  taking  the  limit  as  x  ep];roaches  1  in  (19).  The  limit  of  (19)  is  n/k   if 
cosy  is  positive  and  -tt/^j  if  cosy  is  negative.  The  values  of  y  are  \(p-6+a)  and  XO+6-a), 
Thus  the  solution  is  given  by: 

(21)      u(x.y.t)=  lim  2/^rtan-^  2TCosX(p-e.a)  _  ^^^-1  2r.oosX{^B-a.)l 
x-^1         L        l-x2  1-x^     J 

We  now  draw  Figure  2,  which  shows  where   the  cosines   change  sign. 


r  =  ct  sec  a 


TT-i  imTP    ?  . 


_  7  - 

Upon  the  upper  vertical  line,  X(^9-a)=TT/2,  while  on  the  lower  vertical  line 
\0-^a)=  -T\JZ.      Outside  the  circle  r  =  ct  seca,  P  lies  tetween  tt/2  and  tt-c.  Thue, 
■between  the  upper  vertical  line  and  the  wed^e,  both  cosines  are  negative,  so  the 
limit  is  zero.  Similarly,  between  the  lower  vertical  line  and  the  ved^e,  both  cosines 
are  positive  end  the  limit  is  zero.   In  the  region  outside  the  circle  r  =  ct  sec  a 
to  the  left  of  the  vertical  line,  cos\0+9-p.)  is  positive,  while  co8\(P-^a)  is 
negative,  so  the  limit  is  unity. 

Upon  the  circle  r  =  ct  sec  a,  3  =  n-a,  and  the  cosines  have  opposite  signs 
throughout.  Between  the  circles  r  =  ct  and  r  =  ctseca,  P  lies  between  tt-c  and  tt. 
The  upper  slanted  line  has  the  equation  rcos  (20-6)=ct,  whence  XO-^a)=Tr/2  elong 
this  line.  Along  the  lower  slented  line,  P=3n-2a»-6,  and  \(^e-a)=3rT/2.  Thus,  between 
the  upper  elanted  line  and  the  wedge,  both  cosines  are  negative,  and  the  limit  is 
zero.  Between  the  lower  slanted  line  and  the  wedge,  both  cosines  are  positive,  and 
the  limit  is  eero.   In  the  region  between  the  circles  but  to  the  left  of  the  slanted 
lines,  cosX(P-^a)  is  positive,  while  cosX(P+©-a)  is  negetive,  so  the  limit  is  unity. 

Consequently,  the  geometrical  optics  pulse  solution,  which  holds  outside 
the  diffrpction  region,  has  been  obtained  by  transforming  the  harmonic  solution.   It 
is  given  by  superposing  the  incident  pulse  and  reflected  pulse,  and  setting  the  field 
equal  to  zero  in  the  region  between  the  reflected  pulse  front  end  the  wedge.  This 
solution  was  obtained  by  Keller  and  Blank  directly,  by  appealing  to  the  known  manner 
of  propagation  of  dlecontinuitiee. 


III.  The  Conducting  Cone 

The  geometrical  picture  for  the  conducting  case  is  the  same  ps  Figure  1  for 
the  wedge,  except  that  the  figure  is  to  be  viewed  as  axially  symmetric  rather  than 
being  two-dimensional.  We  introduce  a  systeoi  of  spherical  coordinates  r,©,0  with  the 
pole  in  the  direction  of  the  positive  x-exis.  The  equation  of  the  cone  is  given  by 
9  =  a.  For  nose-on  incidence,  the  system  possesses  rotational  symmetry,  and  there 
is  no  fi   dependence. 

The  solution  goes  through  the  same  sequence  ae  before.  First  the  point 
so'irce  problem  is  solved.  The  limit  of  this  solution  as  the  soTffce  moves  to  infinity 

ves  the  harmonic  solution.   Substitution  of  the  harmonic  solution  in  the  integral 
(3)  gives  the  pulse  solution.  Thus,  we  first  wish  to  solve: 


(22) 


1 

2 
r 

+ 

1 

r2 

2 
r  sin© 
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— r  8ln6  TT-  +  k 


V(r,e,r«)=  -6(r-r«)6(e-TT)/2TTr^sine; 


7  =  0  on  the  cone;  6  =  a. 
To  solve  this,  we  introduce  the  eipenfunctions  in  the  ©-direction.   A  set  of  mimberB 
V  are  defined  by  the  ennptlon  P  (-co8a)=0,  where  P  refers  to  the  Legendre  f^inctlon 
of  order  v.      In  ^'eneral  u  will  he  real  hut  not  integral.  The  functions  p  (-cose)  are 
orthoponsl  over  the  ran^e  o  <  6  <  n,  and  they  take  on  the  value  1  at  6  =  tt.  These 
functions  constitute  a  com])lete  set,  and  they  may  he  used  for  expanding  the  f^jincticn 
V.  Thus  we  write: 


(2?)   V(r,e,r')  =  Ev^(r,r')  P^(-cose)/H^ 
N  =  /  P  (-co8e)slnede 


=  -  r— rr  sln'^a  ■,  /  ° r  P  (-cosa)r—  P  (-cosa). 

2i>*-l       a(-cosa)    i>       3u  \> 

The  value  of  N  ,  which  is  the  normalization  constant  of  the  functions  P  ,  Is  obtained 
by  usin^  the  integral 

.TT 

(2^)  y^  P  (-cos«)P  (-co8e)8in«de  = 

2    P  (-COBa)l,i      -.P  (-C08a)-P  (-C08c)-r7-^ .P  (-COS-) 

sin  a  — d^-cosoj  u ti.  ^^(-cosa)  i;^     '' 

[i{n*l)   -  i>(i>*-l) 

This  integral,  which  is  readily  derived  from  the  differential  equations  satisfied 
by  P  and  P  ,  holds  for  all  values  of  \j.   and  i».   Letting  i>  b^"  a  root  of  P  (-cosc)=0 
cancels  the  first  term  in  the  numerator.   Taking  the  limit  of  the  ratio  as  y.   approaches 
i>  then  yields  the  formula  for  N  given  above. 

Upoa  multiplying  the  ex]>ension  (23)  by  sinOP  f-cose),  integrating  from 
a  to  TT,  and  using  the  orthogonality  proi-erties  of  the  ftinctions,  the  following  equa- 
tion for  V  results: 


("t  •  fid   2d   ^  ,  2   i?(i?4-l)l  „    ,        ,.  .,        ,v/,_ 

^'  I;7d7^  ^  •^'^  --^J  V^(r.r')  =  -6(r-r«)/2TTr 


2 


Since  the  bound,- ry  conditions  on  the  cone  are  already  satisfied  b^  the  separate  terms 
of  the  expansion  (2?),  the  boundary  conditions  on  V  are  that  It  be  regular  at  the 
origin  and  represent  outgoing  waves  at  Infinity.   The  solntlons  of  the  homogeneous 
form  0'''  equation  {?'>)   pre  spherical  '^essel  functlor.s.   Thus  we  may  write: 
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r  '         r  •  ' 

The  dl-pferential  equation  (25)  states  that  r  dV  /dr  hps  the  jump  -l/2n  at  r  =  r  ' , 
from  which  the  constant  A  1b  detpnnlned  to  be  ifh.      Consequently,  the  function 
7(r,e,r')  which  satlaflee  (22)  Is  fiven  for  r  <  r'  by: 

J   /  (kr)  H^J,  (kr«)  P  (-cose) 

u    r  '         r'  '         » 

The  next  step  is  to  find  the  asymptotic  form  of  this  expression  as  r' 
approaches  Infinity.  Upon  substituting  the  asymptotic  form  for  the  Bian:-el-function8, 
we  obtain: 

(28)  7(r,e,rS-X^)       r«      h    ^    ^TJl  \ 

The  solution  in  the  absence  of  the  cone  is  e^  ' '^"^  7iiTT|r-r'|^  whose  asymptotic 
form  as  r«  approaches  infinity  is  e    *       /h-nr*.      Consequently,  the  hrrjionlc  solu- 

-r 

tion  u(i,e,k)  is  ^iven  by: 

1/2    J,M.T/o(^^)     1m,/7 
(:>9)      u(r.O.k)  =  (2n)    ^  ^^f\.         e-^'^/^^(-cose)/N^. 

V  (kr)  ' 

This  solution  Is  very  similar  in  structure  to  the  wed^e  sol  ition  (lO).   Here  k 
appears  only  In  the  spherical  Bessel  function,  while  for  the  wed^e  k  only  appeared 
In  the  cylindrical  Bessel  function.   The  integration  over  k  this  time  will  lead  to 
Lependre  fijnctions. 

The  harmonic  solution  (29)  is  to  be  substituted  into  the  integral  (3)  to 
'•■'■T^in  the  pulse  solution.  Ass-'jming  that  summation  and  Integration  may  be  inter- 
chanp;ed,  the  pulse  solution  Is  given  by  : 

"^he  integral  appearing  here  may  be  evaluated  by  straightforward  but  laborious  trans- 
^■orinatlons.  First  consider  the  case  r  <  ct.   Since  ^^^1/2^^^  ~   °(®    ^  *°^   large 
k,  In  this  case  the  integration  path  may  be  closed  in  the  lower  half -plane,  since  it 
is  exponentially  small  there  because  exp-lk(ct-r)  Is  exponentially  small.  The  result- 
ing path  may  be  deformed  into  a  loop  aro\ind  the  negative  imagin.'^ry  axis  since  the 
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larpe  quarterclrcles  will  not  contrlljute.     Now   the   lntef;rand  has  n  branch  point 
of  order   v  at  the   origin.      Writing  arg  k  =  -tt/2  on  the  right  aide   of    the   integra- 
tion peth,   and  nrg  k  =   3n/2  on  the  left   aide,    the   integral  becomfiB : 


(31)  I  =  .  ^  /•"41.  .-icct 


,,      -iTT/2x        ,  /.       l>/2>.-| 


/•    dk     -kct      i>H/2'  '  iHl/2' 

/o      k«  L  0-e-^-/2jl/^       ■   (kre*>^^2jl/2  ' 


These  Besael  functions   of  pure   Imaginary  argument  may  he  expressed  In  terms   of    the 
-Tiodlfied  Bpsael  function.     The  result  of   this   transformation  is: 

-         lim/2  sinim  /'®  dk     -kct   ^i>fl/2^^'^^ 

I  =  e      /   r—  e     ^T^ —    • 

This  interrsl  is  a  special  case  of  one  g.lven  in  Watson's'-  -^  treatise.  Thus  it  h^s 

the  value:  . 

,„.  ,         iWZBinmr     cos(^l/2)n     °^^P'^;   (^0^^^) 

^^2^  ^  =  «  -T-       Binun  („/2)V2 

/„/    \l/2  iWT/2    sinwr  o^— 1/        ^/i\ 

=  -   (2/tt)       e       '      -^ —    sinnpo     (coshP), 

TT  V 

cosja,  P  =  ct/r  >  1. 


where 


Here  Q~     denotes   the  associated  Legendre  function  of  the  second  kind.     Thus  the 
solution  In  the  diffraction  region  r  <  ct  is  given  'by: 

(33)     u(r,«,t)  =  -Z/vY2  8lnimslnh^0"^(coshP)P  (-cosQ)/N       cosh  P  =  ct/r  >  1. 


In  this  form,   the  solution  is  useful  near   the   tip  of   the  cone.     To  see 

this,   suppose  r  Is  small,   so  ct/r  is  much  greater  tl^n  unity.     The  asyiiiptotic  form 

—1  8 

for  the  Q~     fmctlon  is  given  by   : 

(^)  8lnh0q;^co8hP)^  -2"-^v^[r(u)/r(>*-3/23(ct/rr'' 

-^'[/^  r(»)/2r('>^3/2)]   (r/2ct)''  . 

Now  all  the  values  of  v  are  real  and  positive.  Therefore  all  the  terms  of  the  series 

(33)  tend  to  7,ero  as  r  tends  to  zero  for  a  fixed  posltiTe  value  of  ct.   In  particular, 

the  strength  of  the  singularity  at  the  tip  Is  given  by  the  smallest  root  of  P  (-cosa)= 

If  CT  is  small,  corresponding  to  a  sharply  pointed  tip,  the  roots  of  this  equation  are 

g 
given  approximately  by  the  relation  : 

21^i27^  ,n=  0.1,2.... 


(35)      »  =  n+  ^ 


T)mr,  the  singularity  la  given  by  a  =  - — \j —  for  a  small.   If  a  >-n/6,   a  fair 
approxijuition  to  the  roots  is  given  by  : 
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(36)      f  =  (n+3/i*)TT/-n-a  -  l/2  n  =  0,1,2,  ••• 

Although  the  formula  (33)  represents  the  pulse  solution  throughout  the  diffraction 
region,  there  appears  to  be  no  way  to  find  the  sum  except  hy  numerical  procedxires. 
Thus,  we  shall  next  consider  the  solution  in  the  "geometrical"  region  r  >  ct.  Re- 
ferring afrain  to  Figure  2,  we  shall  prove  that  the  solution  is  zero  to  the  right 
of  the  incident  pulse,  and  is  unity  to  the  left  of  hoth  the  incident  and  reflected 
pulses.  The  solution  in  the  region  between  the  reflected  pulse  and  the  wedge  will 
he  presented  as  a  series  similar  to  (33)» 

The  contour  transformatirn  which  led  from  (29)  to  (32)  is  only  possible 
when  r  <  ct.   When  r  >  ct,  the  method  used  in  Section  II  must  be  employed.   However, 
the  integral  that  results  is  a  hyperreometrlc  function,  and  some  transformations 
ere  required  to  express  it  rg  a  Legendre  function.  First,  the  contour  is  deformed 
Into  the  real  axis  with  a  loop  above  the  origin,  so  that  tlie  phase  of  k  is  tt  on  the 
negative  resl  axis.  The  integral  then  becomes: 

,„»  .  .,     iim/2/°°dk  '^i?»l/2^^^^  r  •   ^   ,  4.       w  .  ,  n 
(^7)  l=l/ne        '  J ^   —  '-^^2 —  L?in  ycosvct  +  cos  ~  sinV:ctJ 

\icr ) 

This   integral  is  again  a  special  case  of   the  Weber-Schafheitlin  integral  referred 
rence 

iim/2 


to  in  Reference  5.  This  time  we  obtain  the  result   ; 


(33)   I  =  * 


tt/2 


Ru/2)sin2TT/2  ^^(,/2..(^i)/2.i/2.(ct/r)2) 


2rii'>^3)/2] 


[iI(iHl)/|]co8mT/2     ct  /     .  pM 

"      rC>H2)/2] T2^i(-/2.(^l)/2.3/2,(ct/r)2)J  . 

■isirv;  the  standard  notation  for   the  hypergeometric   function.      This  comblnption  of 

hyrjergeometrlc  functions   can  be  expressed  as  a  Legendre   f\uiction..  We  hnvr    the 


forEiula 


-1/2 


-o)  p-l(.,)^  ^f^T^   (I-')"        /i(^/2.-(-l)/2,l/.,/    ) 

rD'>^l)/2]co8Wn/2  -1/2 

+  7r-— — ^(l-x^)  /i(-^/2,(^l)/2,3/2.x2   ) 

whence    I   is  evaluated  as: 
C^O)  I  ={^^"^1^1  /^]  sine  p;^(-coBp)  cob3  =  ct/r  . 

Consequently,   the  result  for  u(r,e,t)   In  the  "geometrical"   region  is: 
(^l)     u(r.e,t)  =  T"BlnPP"^^-rosP)P    (-conO)/H  coeP  =  ct/r  <■  1. 
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The  next,  step  1p  to  find  the  s-um  of  this  series  wherfiver  such  n   process 
ir,   poBsl'ble.  Tlrat,  suppose  r  >  ct  sec  a.  Then  coeP  <  cobo,,  bo  P  is  en  p.n^-le 
^■rtween  n  and  -n/Z.      In  view  of  the  orthogonality  of  the  fnrnctions  F  (-cose),  the 

■  •  irier.t  of  P  (-cos9)/N  in  the  exT)enslon  of  u(r,e,t)  is  /  u(r,H,t)F  (-co3©)sined6. 
/seuBJP  that  u  =  0  for  a.  <  9  <  P,  and  u  =  1  for  P  <  ©  <  tt.   The  vertical  line  o^ 

-(:    2.   corresponds  to  Q=P,  since  on  it  rcosB  =  ct.   The  Intef-rel  may  ne   eveiutitea 

1?  —1 

stpndrrd  formula   ,  and  is  just  sinPP^  (-coaP).   Therefore,  the  series  ('l)  is 

,*^ast  eqiu'l  to  the  "Veometric?;!"  pulse  solution  outside  this  outer  sphere. 

The  solution  between  the  spheres  r  =  ct  and  r  =  ctseca  is  much  morp  oiffi- 

cult  to  o^btain  and  requires  a  rr.ther  elsborpte  trensf orniation  of  contour  Integrals. 

'■'^   -^Irst  use  the  V^ronslcian  relptionshij 

^.2)      P  (-^)  j-   P  (x)  -  P  (x)  ^  Ti-T.)   =  ^^^ 

tt(1-x  ) 

to   fXDress    the  normalizfition  constant  N     in  the   form: 

1  ^  A     ^     T~  P   (-coaa) 

(^^s.         „     _       JL 2sinmT     Bi?     i?' 

^     '-'  ^0~    ~    21H-1      TT  P^(C0BC(,) 

Therefore,  u(r,6,t)  may  be  expressed  in  the  form: 

P  (cosa)         ^ 

i^l^)  u(r,©,t)  =  -XJ2^1)  ^^J^  -^ 8lnPP^^(-cosp)P^(-cose). 

■r—  P  (-cosa) 

Ve  recall  that  this  sum  foes  over  the  positive  roots  of  P  (-cosa)  =  0.   Now 

^1  ... 

t —  - — ; r  is   the  resid-'ie   of  1/P   (-cos't),    rerf\ ^iinr   u  as  a   f-enerrl   complex 

■J 
-=risnle.      Consequently,    the  sus:  in    i^'^)   !nay  he   replaced  by  a  contour    intefrsl: 

/  T,  P    (cosrr) 

i-^)  u(r.e.t)  =  -    _^d.(?.>.l)^^-^^  p^(,cosa)   ^'^K   (-cosP)P^(-cose) 

ir.  which   the  conto'ir   C   is   composed  of  smell  circles   f-roiuid   the   zeros   of  P    (-cosa). 
-he   cr.l,"  other  sin^ulnrities   of   the   integrand  are  at   the   zeros   of   sintm.      If  circles 
=t    th°pe  '^les   nre  Pd  ed  end  subtracted  from  the   contour,    the  added  part   may  be   com- 
"'ir.ed  v;lth  tr-e   contour  C   to   replace   it  by  r   Inop  around   the  positive   real  axis. 
7Tnl-ifttln^   the  residues  at   the   subtracted  part  plves   the   ■'erieB: 

(^-6)     i_   {n*^  )  BineP"   (co8p)P   (c:.s©). 
^~"         £  n  n 

0 

Since  ct  <  r  <^  ct  sec^..  0  <  f  <  a,  while  a  <  Q  <  rr.  The  series  (1^6)   may  be  shown 
im-Tediately  to  be  equal  to  unity  under  these  conditions .  Thus,  we  have  obtained 
the  integral  representation  for  ^: 


w 
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(/,7)     .(r.e.t)=  1.  A.  rd.(2^l)  ^^     llZll,)   3inPp-/(-cose)P^(-coae). 

in  which    the  phase  of  -i^  poes   from  -tt  to  tt  as    u  trRverses   the  contour. 

The  next   atej    is   to  reform   this   contoijx   into  the  vertlCFil    line    ^-       ♦•i/, 
-00  <y  <   00.      The   integrand  has  no   aingulsritieB    in   tl.e   complex    .lar.e   off    the   reel 
axis,   BO   that   the  contour  C  ma;'  he  replaced  hy   the  vertical   line  plus   tw-,    cori.'.ecting 
quarter-circles.      Now,    since  sinwr  =  -cos  (i>fl/2)Tr,   and  P   (x)    is   en  ever.  f.Lr.oticn   of 
i>H/2,   rll   the  factors      in  the   integrand  are   even   f\uictlonB   of  y  excert   2i>*-l,   w.-.lch 
Is   odd.     Therefore,    the   integral  alon^  the  vertical   line  vanishes.      If  we    ■zf-.r.   s'.'.zw 
that   there   is  no  contrlhutlon  from  the  q,u&rter-circlps,    the   integral   in    i'-'^',   will 
be  zero,  and  u(r,e,t)  will  equal  unity.     We  sV;eil  find  the  conditions  unier  which 
the  quarter-circles  co  not  contribute. 

For  values   of    j  w]    which  are   largre   in  cpic'.'erison   to  unity,   we  Lave    ^he 
as:Tnptotic  formula      : 

(.8)         ^(cose)=  ^Ji^tt-U  f^lD-i^e-^wa 

When   Imi>  Is   larpe,  as   It  Is   on  the  qu/^rter-circles,    the  cos  may  he  replaced  by  that 
exponentifil  which  Is   larpe.     Applying?  formula    (^8)    to  the   integrand   in    C^"),   and  using 
further  asymptotic  fornrjlas  for  the  Gamma-f unctions  gives  for  the  integrpnd.  the  follow- 
ing asymptotic  value: 

{^9)  A(i>)   exp  -    |lmu|    (©  -   2n*-&), 

where  A(i>)   denotes  an  algebraic   function  of   v.     This   exj-ression  will  be  ex;  onentip.lly 
snail  if  ©  Is  grerter   than  2a^p,      Now   the  equation  of   the  slanting  lines  of  Fif-'j.re    2 
Is  r  =  ct  cos(2a-^),   whence   on  the  slanting   lines  6  =   2ot-P.      Consequently, in   the    region 
to   the  left  of  the  slanting  lines,   the  quarter-circles  give  no  contrlbiitli  n,      "here- 
fore  the  integral   in   (^7)  vanishes,  and  u(r,6,t)  =   1, 

We  have  thus  verified  that   in  the  "geometrical"  reflon  whe-zp   ••.■  iff- 

raction  nor  reflection  plays  a   role,    the  solution  Ti(r,0,t)  f'lven  by    v-  the 

'^aoxetrical  propagation  laws,   and    is    in  fact   the   snm^'  cb   for    the  wp.-,-e   Mil'ition  of 
-ection  2.     We  have  not  been  able   to  find  fi   metbod   of  ouiranliv   the   serii^s    (^1)  between 
--'.°   reflected  pulse  and   the      cone.      Probably   n)imer1(-al   rr.etho(  s    niust   be   employed. 

All    the  methods  of   this  paper  iwiv  be   carried   over  to  arbitrary  angles   of   in- 
cidence.     The  solution   in   that   case   involves   f  dependence,   and  the  orders   of   the  Le^-endr 
■^'inctionn   to  >ie  used   In   the  exj-anslon  will  be   related  to  this   f)  dependence,    since  a 
trnilcal   term   In   the  expansion  to  >ie  employed  will  be  P^   (-co89)cosmj/5,   where  P~(-co8a)=0. 

"he   Inte^rnln   over  k  are   identical  with   those  already  ap  earing  here.      Again   it   is 
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possible  to  show  thflt  the  solution  In  the  geometrical  region  la  one  or  zero  In  the 
appropriate  replon,  hut  the  series  for  the  diffraction  region  and  for  the  reflection 
region  prove  intmctahle. 

The  ranpe  of  apj licahlllty  of  the  method  of  this  paper  may  he  Bteted  rouphly 
as  for  sll  problems  in  which  the  obstacle  does  not  involve  a  fundamental  lenfth.   If 
a  leup-th  is  Involved,  the  Integrals  over  k  will  usufilly  be  evaluable  only  in  ternis 
of  series,  rpther  than  in  closed  form.   The  rpsnlting  multiple  series  will  generally 
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